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This paper analyses the local behaviour of the quadratic function approximation
to a function which has a given power series expansion about the origin. It is shown
that the quadratic Hermite-Padé form always defines a quadratic function and that
this function is analytic in a neighbourhood of the origin. This result holds even if
the origin is a critical point of the function (i.e, the discriminant has a zero at the
origin). If the discriminant has multiple zeros the order of the approximation will
be degraded but only to a hmited extent. ¢ 1990 Academic Press. Inc.

1. INTRODUCTION

This paper is concerned with the properties of the quadratic Hermite—
Padé approximation. This approximation may be defined as follows (see,
for example, Della Dora [3] or Baker and Lubinsky [2]).

Let f(x) be a function, analytic in some neighbourhood of the origin,
whose power series expansion about the origin is known. Let A,, 4,
A,eZ™ and ay(x), a,(x), a,(x) be polynomials in x with deg(a,(x))< 4,,
ie {0, 1,2}, such that

ay(xX) f(X)? +ai(x) f(x) + ag(x) = O(x o+ s a2y, (1)

Note that such a,(x), not all zero, must exist since (1) represents a
homogeneous system of A,+ A,+ A,+2 linear equations in the
Ao+ A, + A, + 3 unknown coefficients of the ¢;(x). Then set

ax(x) ¥(x)? +a,(x) p(x) +ae(x) =0

and attempt to solve this equation for y(x) in such a way that y(x)
approximates f(x).
In the well-known case of Padé approximation (Baker [1]) the same

procedure is followed for a,(x) f(x)+ ay(x)=O0(x"*"*') which gives
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v(x)= —ap(x)a(x). I ¢,(0)#£0 (not a scrious restriction) it then follows
that y(x)= f(x) —I—O(\“" 4t 1y, However, in the quadratic case it is not
obvious that a,(x) ¥(x)* +a,(x) v{x)+a,(x)=0 yields even an analytic
approximation to f(x), still less that it defines a function y(x) such that
wx)=f(x)+ O™ 174+ 2) The purpose of this paper is to show that
an analogue of the Padeé result is in fact true.

2. NOTATION

It will be assumed that

N

Y oadx) fx) =0 ),

=0
where N 23, 4, and that 3, |4,{0){ # 0. Note that if x" is a common factor
of the ¢,(x), je ‘0 1,2} (r maximal) then

i (—1'(;.\‘)_1'(.\‘)’:0(,\‘\ )

;0 X
so that this second assumption is not a serious restriction.

The following notation will be used:

(1) An approximation derived from Z, o 4 (X)) f(x) = 2y will

X
be referred to as a (A4,, A, 4,) (quadratic) approximation to f{(v)
(i1) By \T we mean the principal square root of D(x).
(iii) Let (\)—al( V) —das(x) ag(x). I X, a(x) »(x)'=0 then
y(x) v}t/ D(x))/2a,(x) and =*./ 'D(x)= 2a,(x) y(x}+a,(x)=
c"/@v (Z, a, r) y(x) )

3. THE PrRINCTIPAL RESULTS

The problem divides itself into two cases, the case D(0)#0 and the case
D(0)=
3.1. The Case D(0)#0

THEOREM 1. If D(0) #0Q then there exists a unique function y(x), nuli tic
in a neighbourhood of the origin, satisfving Y a,(x) y(x))=0 and
»(0)=7(0).

Proof. The existence of a function v(x), analytic about the origin,
satisfying 37, a;(x) y(x)’=0 follows from standard algebraic function
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theory (see, for example, Hille [4, Theorem 12.2.17). However, in this
special case it is easier to argue as follows.

Suppose a,(0)#0. The two possible expressions for y(x) in a
neighbourhood of the origin are given by

- a{x)—/ D(x)

2a.{x)

or

Since D(0)# 0 these are both analytic in a neighbourhood of the origin.
Exactly one of them satisfies p(0) = f(0) because a,(0) £(0)* + a,(0) f(0)+
(1()(0):0

—a,(0) £/ D(0)

= /0= 2a,(0)

Suppose a,(0)=0. Then «,(0)#0 (again since D(0)+0). Near the origin
the two possible expressions for yp(x) can be written as

_al +Cll \/1”“ 4(17 a()( }/al( )>
2a.{x)

Hx)=

or

—a{x)— al{x)\fl —4ay(x) ag(x)/a,(x)’

2a,(x)

yix)= (3)

The right hand side of (3} is unbounded as x — 0 so we can exclude this
possibility. Since a,(0) =0, close to the origin we can apply the binomial
theorem to get from (2) the convergent power series (analytic in a
neighbourhood of the origin) expression for y(x):

s ety (15 § (2 )
i i

a{x)

o0

-5 #1(402“)00("))”‘ 2a4{(x)

a{x)? a(x)

=1
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Noting that p, = —1/2 it follows that
a(xX)+a,(x) /1 —day(x) ay(x)/a,(x) ‘ 20
2a-(x)
yv)=
ay(x) o
a,(xy B

is the only function, analytic in a neighbourhood of the origin, satisfying

Y, a;(x) ¥(x) =0 with p(0)=/(0). |

THEOREM 2. [f D(0)#0 then there exists a unique function

¥ix),

analytic in a neighbourhood of the origin, satisfving 3, a,(x) y(x) =0 such

that

rx)=/(x)+0(xY 7))

Proof. Note that

%[; a;(x),v(x)f:l 0:0:;{;{; (x) 1 )]L i€l0, . ., N+1|
Fori=1
"5 b ., d |
[9—}'(2”’(") ylx )>dr+(2(h(a(x)) v(,x)ﬂ 0:0
[ (Z “””)f (Xi(am)fmfﬂ =0
1f dX AN S o .

Differentiating again (i=2) gives

¢ R S ) 2
[E <Z a;(x) y(x) ) dx2+ dx\ oy <Z a;(x) yix) )) v

d d )
+— ( — (a,;(x)) y(x)

dx
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In a general, more compact form we have

¢ Ady
(Bt s

Il
|
| —
A)l ~
~
RS
g
&
=
~
-
v
ISR
?<_ \
+
N
—

0

ief{l, ., N+1}, (5)
where
D=7, % (a;(x)) y(x)
Zo=m (s Lol )

Now, taking the uniquc y(x) from Theorem 1 it is seen that since
+ D(O) (/)2 a(x) y(xY ) #0, Eq (5) with i=1 gives (df/dx)|,=
d1 /dx)|,, which with i=2 gives (d*fldx?)|, = (d*v/dx?)|,. It follows that

LI o, N+ 1
dax'|, dx'|y
Le.,
Px)=F(x)+0(x"H7). |

3.2. The Case D(0)=0

We now investigate the case D(0)=0. This implies that a,(0) # 0 (since
if D(0)=a,(0)?~4a,(0) a,(0)=0 and a,(0)=0 then «,(0)=0, which with
a>(0) £(0)> + a,(0) f(0)+ ay(0)=0 gives ay(0)=0; this contradicts the
assumption that 3, |a;(0)] #0).

Bearing in mind that y(x):(wa,(x)i\/D(, x))/2a,(x) and /D(x) is
not now analytic at the origin this case does not seem well-behaved, but
such is not the case. Certainly if D(x) has a root of odd multiplicity at the
origin then any y(x) satisfying 3, a;(x) ¥(x)’=0 is not analytic at the
origin since

ll dr+l \/ Yg(x) ,
—odx™ a(x)

(£(0)#0).

I

[Take, for example, v\/—r— Then (dz/dxz)(x\/;) = 3/(4\/;). This generalises
easily (using the Leibnitz rule) to the above.] However, this case never
occurs in practice.

630 (2 3w
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First, 1t is necessary to treat two special cases:

(1) Suppose ag(v}=0.

Then
as(x) ()P o (x) Flx) =0
= {as(x) F(X) +a, () ) =0 )
so that
—a(X)asx) = f(x)+ O
A | ' h R+S=N+2.
0 = [(x)+ O(s”) where R+ +
Choosing
yx)= — @) if R>S
ar(x)
x)=0 otherwise

gives y(x) such that

Z a;(x)y(x) =0

and v(x)= f(x)4 O(x™™**5") (Clearly max{R, S} > N/2+ 1.)
(1) Suppose D(x)=0. Then

ax(x) [(X)7 +a;(x) f(x)+ag(x)=0(x" ")
= (2a,(x) (X)) +a, (X)) =4a,(x) O(x ") =0(xV17)

a(x) _
2a,{(x) -

.. N
fxy+0(x7), 7 =min {leN:rZ%H}

= y(x)= —

and Y, a{x) v(x)' =0.

It will be assumed for the remainder of this section that neither D(x)=0
nor a,(x)=0.

THrROREM 3. Let C,=deg(a,(x)}). Then D(x) never has a root of
multiplicity greater than 3, C; at the origin.

Proof. Let 3, C,= M and suppose D(x)=x"""p (x), p,(x) a polyno-
mial of degree r. Since a,(x), ay(x) # 0, then

LMt

a,(x)*=x pA(x)+gx), (6)
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where ¢.(x) is a (nonzero) polynomial of degree s. We must have
M+1+r=2C, (since Co+ Co <M <M+ 1) so that g (v)=4ay(x) ay(x).
Also s+ C,=Cy+C,+C,<M+1=2C,—r=s5+r<(C,. Differentiating
(6)

2a,(x) ay(x)=x"((M+ 1) p(x)+xpiUx))+ ¢i(x)
=2xa (x)ai(x)=x" (M +1) p(x)+xpl(x))+ xq.(x)
=x"T1p(x)+q,(x), (7)

where
pAX)=(M+1) p.(x)+xp.(x) (degree r)

q.x)=xq(x) (degree s).

From (6) and (7) (eliminating the term in x* ')

a,(x)(p,(x)a,(x)=2p,(x) xd\(x)) =

The left-hand side of (8) either has degree = C, or is identically zero,
while the right-hand side has degree <s+r < C,. [t follows that

p(x)a(x)—2p,(x) xa\(x)=0=q{x) p,(x)— p,(x)4,(x)
Hence

() _ ) _ G _ guy)
al(x) 2xpr(x) 2«"‘1\(-\’) 2q\(\‘)

and integrating gives

x)zk\/q‘\.(x), keR.

But deg./q,(x)=15/2 < C, so the result is proved by contradiction. |

THEOREM 4. D(x) never has a root of odd multiplicity at the origin.

Proof. Suppose D(x)=x"""g(x), g(0)#0. By Theorem 3 it can be
assumed that 25+ 1 <N+ 1. Then

(ll 2v+1

WD(XN()#O. 9)

— D(x)| =0, ie {0, .., 2s}. (10)
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Let G(x)=(2a,(x) f(x}+a,(x)). Then
ay(x) [(xX) +a,(x) f(x)+ayx)=0(x" ")
=G(x) = D(x)=4a,(x) O(x* ) =0(xV 7).
From (10) and (11)

-G(x)*| =0 iel0, .., 2s)
dx o
Lo d d
= :  G(x) G(x)| =0, ielo, .., 2s)
/g() <]> dX/ ( dx’ 7 o [y §
il G(x)| =0 ie {0
= — X = ()
dx' ! 0 ( :
[Expanding the first few equations,
G(x)Y|e=0=G(x)],=0
d
T G(x)*| =0= [G(x) G'(x) + 6(x) G(x)]1y =0
X 0
12 2 .
;xg G(x)' =0=[G(x) G"(x)+2G"(x)* + G"(x) G(x)]],=0
~ 4]
G’(¥)|(,:0]
d>+
=t CI’.\7\ +1 G(Y) “:O
arZ.\+l
= (1,\‘2'\+1 (\) 0 0

Hence the result is shown by contradiction. |}

THEOREM 5. If D(x)= x), g(0Y#£0, 2s <N+ 1 then either

—ay(x)+ X' /g(x)

yx)=

or

e - B
yix)= 2a,(%)

(11)
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satisfies
Y a;(x) ¥(x) =0 and  v(x)=f(x)+O0(x "2 ).

Proof. Let h(x)=x"/g(x). Then G(x)*—h(x)*=0(x""?) (G(x) as
defined in the proof of Theorem 4)

4 G(x)> *ih( )2

. e {0, ., N+1%L 13
dx’ A i t (13)

0

Also  (d'/dx") G(x)*|, = 0 = (d'/dx") h(x)’|y, i€ {0, .., 2s — I}, so
(d'/dx") G(x)]o=0=(d'/dx") h(x)]y, i€{0,..,s—1} (usmg ideas in the
proof of Theorem 4). But (d>/dx™) G(x)?|, = (d*/dx™) h(x)*|,#0

1 2 d" 2
<d’< *) 0) :<dxyh(X) 0> #0

Now choose t(x)=h(x) or t(x)= —h(x) so that (d*/dx") G(x)|,=
(d*/dx*) t(x)|,. Then Eq. (13) with i=2s+1 gives

d 25+ 1

25+ 1
d~ ,

_ = [(_\‘)‘
L2y 25+
dx? ! o dx®t o

d.\- d.\» + 1 d‘\ d"' 1
= (d—r— G(x) FEER! G(x)) ) = <de H{x) T ,(x)>

We progress in this way up to i=N+1 (note that if 2s=N+1 this
procedure is not required).
It follows that

G(x)?

0

di
dx!

it(vc)

ie{0,..N+1—s},
S d { h

G(x)

0

ie., 2a5(x) f(x)+a,(x)=1(x)+ O(x"*277). Since a,(0) #0, defining

ay(x)—1(x)

Hx)=— )

gives y(x)=f(x)+O(x"*? *). |

4. ILLUSTRATIVE EXAMPLES

This paper is an attempt to answer many of the practical questions
which arise when one actually tries to compute the quadratic approxima-
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tion to some function. The seemingly cxceptional cases covered by the
previous theorems do frequently occur as is shown below.

ExampLe 1. Let f(x)=log(l +x). Then xf(x)’+(—6x—12)f(x)+
12x = O(x°). Also

6x+ 12— /(6x + 12)° — 48x°

yly)= [
o ,\'3+A\ .\'4+29.\‘5+
T3 T

ie., y(x)=f(x)+ O(x") (cf. the case a,(0)=0 in the proof of Theorem 1).

EXAMPLE 2. Let f(x) og(l+x). Then (x*—6x—6)f(x) +
(—9x7 — 18x) f(x) + 24x° ( ). Note that D(x) = —15x* +900x* +
900x>.

Also

9x7 + 18x — xy/ — 15x7 4+ 900x + 900
2x?—6x —6)

7o xt T Nt 1543x7

3 2 5 % T Tos00 "

yx)=

ie., v(x)=f(x)+ O(x7) as predicted by Theorem 5.

ExaMmPLE 3. Let

flx)=2 S+.\'(‘ .\'7+xx 5.\‘9+7x“’ ?_1.\‘”+33_\‘lz
X)=2x 4y s 2
) 2 8 16 128 256 1024 2048

O(x").

Then f(x)*—2x°f(x)—x"" = O(x"). Note that D(x)=4x"" +4x'". Also

vx)=xT+ xS+ ]
x° ,\'7 .*cx Sx% 0 7x

N A
T T e 128 T 256

21.‘("+33xIZ 429’Y13+
1024~ 2048 32768

Le, p(x)=f(x)+ O(x'") as predicted by Theorem 5.
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5. SEQUENCES OF QUADRATIC HERMITE-PADE APPROXIMATIONS

In this section it is shown that almost any “increasing” sequence of
Hermite-Padé forms yields a sequence of approximations with increasing
order of accuracy.

Let R=max{reN: f(x)=0(x")} and let {{4,, A}, 4}). A4, ieN} be
a sequence of number triples satisfying:

(i) A+45+12R

(i) (A, +A40)2=R

(ni) lim, ,, 3 4;=x.
(i) and (ii}) are minor conditions, avoiding undue degeneracy of
corresponding Hermite-Padé forms (see the following lemma), while (iii)
ensures that such a sequence of forms has increasing order.

Let {(ab(x), ai(x), ay(x)): ie N} be a sequence of polynomial coefficients
of Hermite-Padé forms corresponding to {(A}, A, A{): ieN}.

LEMMA 6. YieN at least two of the coefficients {as(x), a\(x), aj(x)} are
not identically zero.

Proof. 1f ai(x)=0=d'(x) then af(x)= O(x"*?) which is impossible.
If af(x)=0=a(x) then
a’,(r)f(v) — O(XAS+’4'1 + Ay + 2)
:>f(x) e O(»\.AS + ,4é, + 2)
which contradicts (i) above.
If al(x)=0=al(x) then
a;(x) f(‘()z - O(X'AE%— Ay + Ay + 2)
3/(\,)2 — O(.\’A" + Ay + 2)

= f(x)= 0('\.(.4’, + A+ 2) 2)

which contradicts (ii) above. |}

THEOREM 7. Let {[A}, A}, A}}: ie N} be a sequence of Hermite—Padé
Jorms with the above properties. Then each [ A}, A}, A}] gives a quadratic
approximation to f(x) such that

() 7.x)=Fix)+ O(x")

(i} lim H,=oC.

i
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Proof. Let ieN, ri=max{reN: x'[aj(x), Vje {0,1,2}} and aj(x)=
xgix), je{0,1,2}. Then 3, gi(x) f(x) = O(x™*? ") (where N,=3, 4)).

Using the previous results, there exists y;(x) a quadratic (possibly
rational or polynomial) approximation such that

5

v = X))+ O ),

Since x"[a(x), ¥je {0,1,2], and at least two of the uj(.\') are not
identically zero then
N =2r

i "

Consider the sequence {N,—r,:ie N}. Since lim; ,, N,=o and N,—r,>

N,—N/2=N;2 then lim, ,  (N,—r,)=. Letting n,=(N,—r,+2)/2 it

A

follows that lim,_, , #,= oo and the resuit is proven. ||

6. CONCLUSION

These results show that given a-(x) f(x) +a,(x) f(x)+ay(x)=
O(xN¥*?%), Y7 ,1a;0)#0 then we can always find »(x) such that
Y galx) p(x)Y=0and y(x)=f(x)+ O(x*) where K is, at worst, N/2 + 1.
This is summarised in Table I.

It then follows that most increasing sequences of quadratic Hermite
Padé forms give sequences of quadratic approximinations of increasing
order of accuracy. It is hoped that this work will be useful in attempting
to extend convergence results such as that given by Baker and Lubinsky
[2] to the so-called “non-normal” case in quadratic approximation.

TABLE 1
Case K
D(0)#0 N+2
D(x)=x¥g(x)

where 2(0)#0 N+2—3s

25< N+1

aplx) £0

D(0)=0 min{keN: k2 (N/2)+ 1}
and ag(x)=0

Dix)=0 min{keN:k 2 (N/2)+ 1}
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